Example 2: Coin-row problem

[here IS a row of: n coins Whose Values are some positive
INtEJEFS Cq, C3,...,C, NOL NECESSarily distinct: The goal'is to pIck
Up the maximum amount of: money. SUJect to the constraint
that no two coins adjacent in the initial row can be picked up.

E.0.: 5, 1, 2, 10, 6, 2. WWhat is the best selection?



[DP soelution to the corn-row proplem

[et () be the maximum amount that cani be picked up from
the row ofinicoins. 1:0 derive a recurrence for F(n), we
partition all'the allowed coiniselections into tWo groups:

those without last coint — the max amount IS ?
those with the last coin -- the max amount Is ?

[Thus we have the following recurrence
E(n) = max{c,+ E(n-2); F(n-1)} forn> 1,

E(0) =0, K(1)=C1



DP solution to the coin-row problem (cont.)

E(n) = max{c, + E(n-2); F(n-1)j forn=>1,
F(0) =0, K(1)=Cc1

Index 0 il 2 3 4 5 6
coins -- 5 il 2 10 6 2

()

Max amount:

Coins ofioptimal selution:
Time efficiency:

Space efficiency:



Algorithm

ALGORITHM CoinRow(C|[l..n])
{{Applies formula (8.3) bottom up to find the maximum amount of money
{{that can be picked up from a coin row without picking two adjacent coins
{{Input: Array C|1..a] of positive integers indicating the coin values
{{Output: The maximum amount of money that can be picked up

F[0] «0; F[1]«C[1]
for i « 2 ton do

Fli] « max{C[i] + F[i — 2], F[i —1])
refurn Fn|




Example

Flol =0, Flll =€, =5

Fl2l=max{1 +0,.5}=5

Fl3l=maxf2 +45.6}=7

FlAl =max[10+5 7} =15

FI&] = max[é + 7, 16} = 15

Flg] = max[2 + 15, 15} = 17




Coin change

(GIVe change for amount n using the minimum
numbper: of: coins of denominations
. FFor: the coin denominations

we consider a dynamic programming algornthm for the general case, assuming
availability of unlimited quantities of coins for each of the m denominations

-ﬂrl* d:* ---f-ﬂr wh:red'.—'l



Fin)= min [F(n —d: )] +1 forn=10,
j:l'l:_'ﬂ'll' -

Fily=10.



Algorithm

ALGORITHM ChangeMaking(D|1..m], n)
{l Applies dynamic programming to find the minimum number of coins
{lof denominations d) = d; = - -+ = d_ where 4y =1 that add up to a
{lgiven amount »
{/Input: Positive integer n and array D[1..m] of increasing positive
il integers indicating the coin denominations where D[1]=1
{1Output: The minimum number of coins that add up to s

F|0] <0
fori « 1 ton do
temp «— 00, j +— 1
while ; < m and : = D[] do
temp < min( F[i — D[]}, temp)
J—i+1
Fli] < temp + 1
return F|n]




1,8,4'for change 6:& 1,2,3 N=5

FIill = miniFI1 -1+ 1 =1
2]l =minlFI2-1}+1 =2

FI2l =minlA3-11, FI3-3lk +1=1

n[oifz]3[4|6]6
Fldl = min[Fl4-11, FI4-31, Fla-al+1=1 Flo1 2] [

FI5] = min{FT3 - 1],

JEENEHEEREE
FIE] = min{FI& - 11, al. ' 2 Flo[af2]1f1]2]=2




