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Outline

* |ntroduction to dynamic programming
* Recursion with memoization (memory tables)
* Filling the table iteratively
* Examples
* Floyd/Warshall algorithms
* Optimal search trees

* QOthers




Inductive definitions

* Factorial
* f(n) = n x f(n-1)
* f(0) =1

* |nsertion sort
* isort([]) =]

* isort( [x1,X2,..,Xn]) = insert(x1,isort([xz,...,Xn]))




... Recursive programs

1ht factorialtn):
Lk (<= 0)
return(l)
else

return(n*factorial(n-1))




Sub problems

* factorial(n-1) is a subproblem of factorial(n)
* So is factorial(n-2), factorial(n-2), ..., factorial(0)
* isort([xe,...,Xn]) is a subproblem of isort([x1 X2,...,Xn])

* So is isort([x,...,xj]]) forany 1 <i<j<n

* Solution of f(y) can be derived by combining
solutions to subproblems




Evaluating subproblems

g :r 2 5 & 4
0|
* fib(0) =0 -
* fib(1) = 1 -~
e
* fib(n) = fib(n-1) + fib(n-2) c
* Compute fib(7)? 5







Never re-evaluate a
subproblem

* Build a table of values already computed
* Memory table

* Memoization

* Remind yourself that this value has already been
seen before







Memoized fibonaccl

def fib(n):
1f fibtable[n]
return(fibtable[n])
BEho==00Or n == 1

newvalue = n
else

newvalue = fib(n-1) + fib(n-2)
fibtable[n] = newvalue
return(newvalue)




N genera
def £Cx.y,z);
1f ftable[x][lyl[z]
return(ftable[x][y]l[z])

newvalue = expression i1n terms of
subproblems

ftable[x][yl[z] = newvalue

return(newvalue)




Dynamic programming

* Anticipate what the memory table looks like
* Fill it up iteratively

* For each new value, subproblems already filled
in table
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Grid Paths

* Roads arranged in a
rectangular grid

* Can only go up or
right

* How many different
routes from (0,0) to
(m,n)?
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Picking prizes along a gria
s g9

* Similar layout of roads, . B -
but objective is different =

* Some intersections have
prizes (o)

?(1,3) = WMAX pVines v (O,D)Jm [L\b

* Find the maximum
number of prizes you - mx(j’(i-f,‘p : ’P(C,j'l% )

can pick up i wo PIze ok (ivj)
= 1% e (R(C1,y), PG5 )),
ke ok (0y)




| ongest common
supseqguence

* [Two sequences, drawn from the same set of
symbols

* \What is the maximum overlap?
* Applications
* Comparing DNA sequences

* Comparing versions of text files (Unix d1ff)




AT ¢ ¢ C. Ak G C gukyatum—WFSm
C

T)/(A e / lebters
Fnd |wﬁ\’k % (;w\&e.sl/
Aacc  TAac  ToaCkc e cak su&calmw
L L 5
S S'l Sz g} - SV\ QL& (4‘1"$Vllk1"kw\-‘)
k t| E-L k} - . kvh éerono/w\s 7

I gav\_wd\k) bee (_SL--S\') 'tl( - - |:€,>

Dur sluhen Wil ue  lLe(s, . g, b By
g (51 --%n,bz2 -- &)
th(%--Sm,bt - - Ea)



s - |e

£ - |k
§ ==k, !
S\ Fk,

97, 93 = 9V\
A
‘/Wl\ﬁ fe Mg a[wm’g A W dusice”
Makeh (_S“k,\ andk n'/\)mckve}ﬂ Solye, Tesk




lee(i )= 1w Resgn)
YWY (‘QLS(L‘Q;-H) , QCQG’H»JB 2

cm,LV(’MM!“Ml’ bo lok "J(} “° u?lm L,

st(m*l,‘(})c O {;\ all !
QCS(C,MH)L 0 %Ix VU

Crugpuing, gy, ceguance. o

ore.  side,

M|

2 - «- n+l

Table




phak does folle. by (157) degeed o

L

Mt

ee (i D « 1t les(on JJ«\)

OR

max (Les (e, yH), Les (U‘",(m

l W g"" 'B_‘j row
A~ R PY bOlUMMA-
& : ‘:WWVV\.
0| dogodoncui-
l—
- i 0/07/
Do 12




—

olol-|wle|e|& [»

A

Rocovering e athua). su%zimw
- byace gde W each able P/nlﬂj

GV

— @t e 4 hs(ul,éh)
k d,wsw) .=t rdded
o Gammien sm%se;luma,

0> o

A
3
3
2
>
\
O
O

Ta kC

T ‘witnesses
= When M(Qts@,(jw), Les (vl ,\D

O]' ; iv» 3-}‘
(¢ dmwn)LML'*OMMﬂ-dMCQ, \ WTM) %MM
1& bhe ane @LNJ«



Matrix multiplication

* Multiplying matrices of dimensions M x N and
N x P requires O(MNP) arithmetic operations

* Product has size M x P
* Each entry takes time O(N) to compute
* Multiplying (M1M2)Ms and M1(M2Ms)

* Same answer, but different complexity, in
general
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Optimal search tree

* Search tree
* No duplicate values
* At each node with value v
* L eft subtree has values less than v
* Right subtree has values greater than v

* Search for a value like binary search
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Warshall, transitive closure

* Given an undirected graph ...
* Edges represented by adjacency matrix A

* ... compute which pairs of vertices are connected
by a path (sequence of edges)

* Connectivity = transitive closure of edge relation
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~loyd, all pairs shortest
patn

* Given an undirected graph with edge weights ...
* \Weight represents cost—price, distance, time ...
* No edge—infinite cost

* ... find the smallest weight path between any pairs
of vertices

* “All pairs shortest path”
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