
TopTop--Down approachDown approach

Patterned after the strategy employed by Patterned after the strategy employed by 
NapoleonNapoleon
Divide an instance of a problem recursively Divide an instance of a problem recursively 
into two or more smaller instances until the into two or more smaller instances until the 
solutions to the small instances are obtainable.solutions to the small instances are obtainable.
TopTop--down approach used by recursive routinesdown approach used by recursive routines



DivideDivide--andand--ConquerConquer

The mostThe most--well known algorithm design strategy:well known algorithm design strategy:
1.1. Divide instance of problem into two or more smaller Divide instance of problem into two or more smaller 

instancesinstances

2.2. Solve smaller instances recursivelySolve smaller instances recursively

3.3. Obtain solution to original (larger) instance by combining Obtain solution to original (larger) instance by combining 
these solutionsthese solutions



DivideDivide--andand--Conquer Technique (cont.)Conquer Technique (cont.)

subproblem 2 
of size n/2

subproblem 1 
of size n/2

a solution to 
subproblem 1

a solution to
the original problem

a solution to 
subproblem 2

a problem of size n



Control Abstraction for Divide & ConquerControl Abstraction for Divide & Conquer

Algorithm Algorithm DAndC(PDAndC(P))
{{

if if Small(PSmall(P) then return S(P);) then return S(P);
elseelse
{{
divide P into smaller instances Pdivide P into smaller instances P11, P, P22, , ……,,PPkk, K, K≥≥1;1;
Apply Apply DAndCDAndC to each of these sub problems;to each of these sub problems;
return Combine(DAndC(p1), DAndC(p2),return Combine(DAndC(p1), DAndC(p2),……
DAndC(pkDAndC(pk));));
}}

}}



AnalysisAnalysis

Input size =n;Input size =n;
g(ng(n) = time taken to compute the answer directly for small ) = time taken to compute the answer directly for small 
inputs.inputs.
f(nf(n) = time for dividing and combing the solution to sub) = time for dividing and combing the solution to sub--
problems.problems.
T(nT(n) = ) = g(ng(n)                               n is small)                               n is small

T(nT(n11)+T(n)+T(n22)+)+…………………….+.+T(nT(nkk)+f(n)+f(n)   otherwise  )   otherwise  



General DivideGeneral Divide--andand--Conquer RecurrenceConquer Recurrence

TT((nn) = ) = aTaT((n/bn/b) + ) + f f ((nn)) where where ff((nn)) ∈∈ ΘΘ((nndd),), d d ≥≥ 00

Master TheoremMaster Theorem:    If :    If a < ba < bdd,, TT((nn) ) ∈∈ ΘΘ((nndd))
If If a = ba = bdd,, TT((nn) ) ∈∈ ΘΘ((nnd d log log nn))

If If a > ba > bdd,, TT((nn) ) ∈∈ ΘΘ((nnlog log b b a a ))

Note: The same results hold with O instead of Note: The same results hold with O instead of ΘΘ..

Examples: Examples: TT((nn) = 4) = 4TT((nn/2) + /2) + nn ⇒⇒ TT((nn) ) ∈∈ ??
TT((nn) = 4) = 4TT((nn/2) + /2) + nn22 ⇒⇒ TT((nn) ) ∈∈ ??
TT((nn) = 4) = 4TT((nn/2) + /2) + nn33 ⇒⇒ TT((nn) ) ∈∈ ??



RecurrenceRecurrence

T(nT(n)  =  T(1)  n=1;)  =  T(1)  n=1;
a a T(n/bT(n/b) + ) + f(nf(n)  n>1;)  n>1;



ExamplesExamples

Consider a=2, b=2. T(1)=2 and Consider a=2, b=2. T(1)=2 and f(nf(n)=n.)=n.
N is a power of 2, N is a power of 2, T(nT(n) = T(1) n=1;) = T(1) n=1;

T(n/2)+c; n>1;T(n/2)+c; n>1;
3. a=2, b=2 and 3. a=2, b=2 and f(nf(n) = ) = cncn
4. 4. t(nt(n) = 7 t(n/2) +18 n) = 7 t(n/2) +18 n22, n>=2 and a power of 2., n>=2 and a power of 2.
5. 5. t(nt(n) = 9t(n/3)+4 n) = 9t(n/3)+4 n66, n>=3, and a power of 3., n>=3, and a power of 3.



Binary SearchBinary Search

If If xx equals the middle item, quit. Otherwise:equals the middle item, quit. Otherwise:
11 DivideDivide the array into two the array into two subarrayssubarrays about half as about half as 

large. If large. If xx is smaller than the middle item, choose is smaller than the middle item, choose 
the left the left subarraysubarray. If . If xx is larger than the middle is larger than the middle 
item, choose the right item, choose the right subarraysubarray..

22 ConquerConquer (solve) the (solve) the subarraysubarray by determining by determining 
whether whether xx is in that is in that subarraysubarray. Unless the . Unless the subarraysubarray
is sufficiently small, use recursion to do this.is sufficiently small, use recursion to do this.

33 ObtainObtain the solution to the array from the solution the solution to the array from the solution 
to the to the subarraysubarray..



ExampleExample

Suppose Suppose xx = 18 and we have the following = 18 and we have the following 
array:array:

10 12 13 14 18 20 25 27 30 35 40 45 4710 12 13 14 18 20 25 27 30 35 40 45 47
↑↑

middle itemmiddle item



ExampleExample



Developing a recursive algorithmDeveloping a recursive algorithm

Develop a way to obtain the solution to an Develop a way to obtain the solution to an 
instance from the solution to one or more instance from the solution to one or more 
smaller instancessmaller instances
Determine the terminal Determine the terminal condition(scondition(s) that the ) that the 
smaller smaller instance(sinstance(s) ) is(areis(are) approaching.) approaching.
Determine the solution in the case of the Determine the solution in the case of the 
terminal terminal condition(scondition(s).).



Recursive Recursive algoalgo

// Input // Input a[i:la[i:l] of ] of eltelt in nonin non--decreasing order 1<i<L, determine whether x decreasing order 1<i<L, determine whether x 
is present, and if so, return j such that x = is present, and if so, return j such that x = a[ja[j]; else return 0;]; else return 0;

Binsrch(a,i,l,xBinsrch(a,i,l,x))
{{

if(lif(l==i) then // ==i) then // Small(PSmall(P))
{{

if (x ==if (x ==a[ia[i]) then return i;]) then return i;
else return 0;else return 0;

}}
elseelse
{ // Reduce P into smaller sub problem{ // Reduce P into smaller sub problem

mid = (i+l)/2;mid = (i+l)/2;
if (x == if (x == a[mida[mid]) then return mid;]) then return mid;
else if( x < else if( x < a[mida[mid]) then]) then

return Binsrch(a,I,midreturn Binsrch(a,I,mid--1,x);1,x);
elseelse

return Binsrch(a,mid+1,l,x);return Binsrch(a,mid+1,l,x);

}}
}}



Recursive algorithmRecursive algorithm

Algorithm 2.1: Binary Search (Recursive) Algorithm 2.1: Binary Search (Recursive) 
•• Problem: Determine whether Problem: Determine whether xx is in the sorted array is in the sorted array SS of size of size n.n.
•• Inputs: positive integer Inputs: positive integer nn, sorted (, sorted (nondecreasingnondecreasing order) array of keys order) array of keys SS indexed from 1 to indexed from 1 to nn, a , a 

key key x.x.
•• Outputs: Outputs: locationlocation, the location of , the location of xx in in SS (0 if (0 if xx is not in is not in SS).).

indexindex locationlocation ((indexindex lowlow, , indexindex highhigh))
{ { 
indexindex midmid;;
ifif ((lowlow > > highhigh) ) 

returnreturn 0;0;
elseelse {{

midmid = [(= [(lowlow + + highhigh)/2];)/2];
ifif ((xx == == SS[[midmid])])

returnreturn midmid
else ifelse if ((xx < < SS[[midmid])])

returnreturn locationlocation((lowlow, mid, mid -- 1);1);
elseelse returnreturn locationlocation((midmid + 1, + 1, highhigh););
}}

} } 



Iterative binary searchIterative binary search

BinSearch(a,n,xBinSearch(a,n,x))
{{

low =1; high =n;low =1; high =n;
while( low while( low ££ high) dohigh) do
{{

mid = floor((low+high)/2);mid = floor((low+high)/2);
if (x < if (x < a[mida[mid]) then high = mid]) then high = mid--1;1;
else if (x > else if (x > a[mida[mid]) then low = mid +1;]) then low = mid +1;

else return mid;else return mid;
}}

return 0;return 0;
}}



Binary SearchBinary Search

Very efficient algorithm for searching in Very efficient algorithm for searching in sorted arraysorted array::
KK
vsvs

A[0]  .  .  .  A[A[0]  .  .  .  A[mm]  .  .  .  A[]  .  .  .  A[nn--1]1]
If If K = K = A[A[mm], stop (successful search);  otherwise, continue], stop (successful search);  otherwise, continue
searching by the same method in A[0..searching by the same method in A[0..mm--1] if 1] if K < K < A[A[mm]]
and in A[and in A[mm+1..+1..nn--1] if 1] if K > K > A[A[mm]]

l l ←← 0;   0;   rr ←← nn--11
while while ll ≤≤ rr dodo

mm ←←  ⎣ ⎣((ll++rr)/2)/2⎦⎦
if  if  K = K = A[A[mm]  return ]  return mm
else if else if K < K < A[A[mm]  ]  r r ←← mm--11
else else l l ←← mm+1+1

return return --11



ExampleExample

--15, 15, --6, 0, 7, 9, 23, 54, 82, 101, 112, 125, 131, 142, 151.6, 0, 7, 9, 23, 54, 82, 101, 112, 125, 131, 142, 151.
Search x = 151; Search x = 151; Search x = Search x = --14; 14; Search x = 9;Search x = 9;



solutionsolution

Search x = 151;Search x = 151;
low   high   midlow   high   mid
11 1414 77
88 1414 1111
1212 1414 1313
1414 1414 1414 foundfound

Search x = Search x = --14;14;
low   high   midlow   high   mid
11 1414 77
11 22 11
22 22 22
22 11 notnot foundfound



Analysis of Binary SearchAnalysis of Binary Search
Time efficiencyTime efficiency
•• worstworst--case recurrence:  case recurrence:  CCw w ((nn) = 1 + ) = 1 + CCww( ( ⎣⎣nn/2/2⎦⎦ ),  ),  CCw w (1) = 1 (1) = 1 

solution: solution: CCww((nn) =) = ⎡⎡loglog22((nn+1)+1)⎤⎤

This is VERY fast: This is VERY fast: e.g., e.g., CCww(10(1066) = 20) = 20

Optimal for searching a sorted arrayOptimal for searching a sorted array

Limitations: must be a sorted array (not linked list)Limitations: must be a sorted array (not linked list)

Bad (degenerate) example of divideBad (degenerate) example of divide--andand--conquerconquer

Has a continuous counterpart called Has a continuous counterpart called bisection methodbisection method for for 
solving equations in one unknown solving equations in one unknown ff((xx) ) = = 0 (see Sec. 12.4)0 (see Sec. 12.4)



Knapsack problemKnapsack problem



ExampleExample



ExampleExample



AnalysisAnalysis



DivideDivide--andand--Conquer ExamplesConquer Examples

Sorting: Sorting: mergesortmergesort and and quicksortquicksort

Binary tree traversalsBinary tree traversals

Binary search (?)Binary search (?)

Multiplication of large integersMultiplication of large integers

Matrix multiplication: StrassenMatrix multiplication: Strassen’’s algorithms algorithm

ClosestClosest--pair and convexpair and convex--hull algorithmshull algorithms


